This paper is devoted to the study of the stability of the Lagrangian point L 4 in the spatial restricted three-body problem and to the possibility of inclined Trojan-like objects in exoplanetary systems (single and binary star systems). The stability is investigated by numerical methods, computing stability maps in different parameter planes. In the case of circular motion of the primary bodies, it is shown that there are stable orbits up to an inclination i = 61
I N T RO D U C T I O N
The first extrasolar planet in the binary star system Gamma Cephei was announced in 1988 (Campbell, Walker & Yang 1988) . As of 2012 August more than 770 extrasolar planets have been discovered, including 53 planets in 39 binary star systems and 7 triple star systems (listed in the Exoplanet catalogue of multiple stars maintained by Richard Schwarz 1 ). In the future, it is highly likely that more planets will be found in binary star systems due to the fact that about 70 per cent of the stars in the solar neighbourhood are members of binary or multiple systems (∼75 per cent for O-B stars, Verschueren, David & Brown 1996 , Mason, Gies & Hartkopf 2001 ; ∼67 per cent for G-M stars, Mayor et al. 2001) .
The dynamical behaviour and stability of planets in binaries are a very interesting and difficult problem. We can distinguish three different types of planetary orbits in binaries (Rabl & Dvorak 1988 ).
(i) S-Type: the planet orbits around one of the two stars. Currently, most of the known planets in binary systems are in S-Type orbits (in wide binary systems).
(ii) P-Type: the planet is in an orbit around both stars.
E-mail: schwarz@astro.univie.ac.at 1 http://www.univie.ac.at/adg/multiple/multiple.html (iii) T-Type: the planet moves close to the Lagrangian equilibrium points L 4 or L 5 of the system. For T-Type orbits there are well-known examples in our Solar system. For example, Jupiter's Trojan asteroids are in a 1:1 mean motion resonance with Jupiter, librating around the L 4 or L 5 points of the Sun-Jupiter system, preceding (L 4 ) or following (L 5 ) Jupiter at about 60
• . Besides the approximately 5100 Jovian Trojans, 8 Neptunian and 5 Martian Trojans were also found, while in the case of Earth one Trojan (2010TK 7 ) is known.
In this paper we shall deal with T-Type orbits studying the dynamical stability of possible Trojan-like objects at L 4 in binary systems. In the restricted three-body problem the Lagrangian points L 4 and L 5 are linearly stable for mass ratios μ < 0.0385 (Gascheau 1843) . We therefore study binary systems where the mass ratio is below or close to this critical value (allowing that for eccentric orbits of the primaries, or inclined orbits of the Trojan-like object, the critical mass ratio can be somewhat larger, see Sections 3 and 4).
This kind of binary system may consist of a star and a giant planet or a brown dwarf which is larger than a planet but does not have sufficient mass for the hydrogen helium fusion. The upper mass for a brown dwarf is that which is just sufficient for normal hydrogenhelium fusion to be triggered in the core. Based on theoretical considerations, this is believed to be about 0.080 solar mass (M sun ), or about 80 times the mass of Jupiter (M J ). The lower mass limit is somewhat arbitrary as there is no obvious point of transition between a high-mass planet and a low-mass brown dwarf, but it is generally taken to be about 0.010 M sun , or about 10 M J . In Jean Schneider's catalogue 2 there are 35 exoplanetary systems with wellknown orbital and mass parameters where the mass of a planet is above 10 M J and the mass ratio is below 0.05, close to the critical value of 0.0385 (see Table A1 in Appendix A). These systems could provide an interesting test case for studies concerning possible Trojan-like objects at their triangular Lagrangian points.
There are dynamical investigations about possible Trojan planets in extrasolar planetary systems, e.g. Dvorak et al. (2004) and Erdi & Sándor (2005) . Theoretical studies predict that Trojans are likely a frequent byproduct of planet formation and evolution. A simulation of chaotic capture of Jovian Trojans (Morbidelli et al. 2005) showed that about 3.4 M ⊕ of planetesimals could be captured. Lykawka et al. (2009) and Lykawka & Horner (2010) investigated the origin and dynamical evolution of Neptunian Trojans during the formation and migration of the planets. They found that the captured Trojans display a wide range of inclinations (i < 40
• ). These results were confirmed by Schwarz & Dvorak (2012) who investigated the capture probability of Trojan asteroids for the planets Venus, Earth and Mars.
Hydrodynamic simulations of a proto-planetary disc have been made by Laughlin & Chambers (2002) , Chiang & Lithwick (2005) and Beaugé et al. (2007) . Ford & Gaudi (2006) and Ford & Holman (2007) examined the sensitivity of transit timing observations for detecting Trojan companions of extrasolar planets. They demonstrated that this method offers the potential to detect terrestrial-mass Trojans using ground-based observations. Erdi et al. (2007 Erdi et al. ( , 2009 ) studied the stability of motions around L 4 in the planar, elliptic restricted three-body problem. They showed that the minima of the size of the stable regions around L 4 , depending on the mass ratio μ and the orbital eccentricity e of the primaries, are connected with secondary resonances between the librational frequencies. Thus it is less probable to find Trojan planets in systems with mass ratios and eccentricities corresponding to secondary resonances.
In this paper we extend these investigations to three dimensions, studying the stability of the Lagrangian point L 4 in the spatial, circular and elliptic restricted three-body problems. Our aim is to determine the role of the inclination of the test particle in the stability of L 4 with respect to the planar cases, and also to investigate the influence of secondary resonances in the case of inclined orbits. The results can give an indication as to what systems may possess Trojan-like objects and with what range of inclinations.
The remaining part of the paper goes as follows. In Section 2 we describe our models and methods. Sections 3 and 4 are devoted to the effects of inclination in the circular and the elliptic restricted three-body problem, respectively. In Section 5 we discuss the role of secondary resonances. We draw the conclusions in Section 6.
M O D E L S A N D M E T H O D S
In this work, we study the spatial restricted three-body problem (SR3BP). For this problem two finite bodies, the primaries, revolve about their common centre of mass in either circular or elliptic orbits, and a third massless body moves under their gravitational influence without being constrained to the orbital plane of the primaries. Therefore, we used the following models: the circular and the elliptic spatial restricted three-body problem (C-SR3BP and 2 http://exoplanet.eu E-SR3BP). When writing down the equations of motion we used non-dimensional variables, taking the distance between the primaries and their total mass as units, and the period of the primaries as 2π time units. In these units the constant of gravity is 1. To study the stability of L 4 we put the test particle in L 4 , both in the circular and elliptic cases, and integrated the equations of motion for 10 6 orbital periods of the primaries by using a Bulirsch-Stoer integrator.
For the analysis of stability we used the method of the maximum eccentricity e max and the Lyapunov characteristic indicators (LCI). The results of the LCI and e max are in good agreement with those in Schwarz et al. (2007) and Schwarz, Süli & Dvorak (2009) . The LCI is the finite time approximation of the maximal Lyapunov exponent. For the maximum eccentricity e max we checked the largest eccentricity of the test particle during its motion. For larger eccentricities it is more probable that the orbit of the test particle becomes chaotic (having close encounters or even collisions with the primaries). In order to obtain stability maps in the circular case (C-SR3BP), depending on the mass ratio μ = m 2 /(m 1 + m 2 ) of the primaries (m 1 and m 2 being the masses of the primary and secondary bodies) and the orbital inclination i of the test particle, we changed μ in the range 0.0005 ≤ μ ≤ 0.05 with a stepsize μ = 0.0005, and i in the range 0
• with a stepsize i = 1
• . In the elliptic case (E-SR3BP), we changed μ in the same way, i in the range 0
• with a stepsize i = 10
• and the orbital eccentricity e of the primaries in the range 0 ≤ e ≤ 0.99 with a stepsize e = 0.01. We note that the initial eccentricity of the test particle was always set to that of the secondary. This is a simplification, because in the Solar system the eccentricities of the Trojan asteroids range widely and are often greater than that of their host planet. The stability maps show either e max or LCI for each orbit corresponding to the above initial conditions. We also computed the frequencies of librational motions around L 4 and determined secondary resonances. In the planar, circular restricted three-body problem there are two frequencies, n s and n l , corresponding to the short and long period components of libration. In the planar, elliptic restricted three-body problem L 4 moves in an elliptic orbit itself and its mean motion n combines with n s and n l . Therefore, in the elliptic case there are four frequencies of libration n s , n l , n − n l and n − n s . Rabe (1970 Rabe ( , 1973 gave the normalized frequencies n s and n l taking n as unit frequency. Érdi et al. (2007, 2009 ) studied secondary resonances between the four frequencies and introduced several types. Type A corresponds to (1 − n l ) : n l , type B to n s : n m and type C to (1 − n l ) : (1 − n s ).
To compute the frequencies of libration in the spatial case we used the Laplace-Lagrange variables h, k, p, q and the angle of libration σ given by
Here e is the eccentricity, i the inclination, ω the argument of pericentre, the ascending node, λ the mean orbital longitude of the orbit of the test particle and λ is the mean orbital longitude of the least massive primary. (The angular orbital elements refer to the orbital plane of the primaries as reference plane, in which the reference direction points to the pericentre of the relative orbit of the primaries.)
Placing the test particle in L 4 with initial parameters described earlier, we followed its orbit for 10 6 periods of the primaries by using the Lie integrator and computed the corresponding h, k, p, q and σ variables to which we applied a discrete Fourier transform (DFT, with SIGSPEC), or a fast Fourier transform (FFT, via FFTW) to find the peaks in the power spectrum. The locations of the maxima are interpolated via a quadratic function, taking into account the three highest samples around the tentative peak. SIGSPEC computes the spectral significance levels for the DFT amplitude spectrum of a time series at arbitrarily given sampling. It solves for the probability density function of an amplitude level, including dependences on frequency and phase (Reegen 2007) .
S TA B I L I T Y I N T H E C A S E O F T H E C -S R B P
In the case of the C-SR3BP, we studied the stability of L 4 depending on the orbital inclination i of the test particle and the mass ratio μ of the primaries. We placed the test particle in L 4 and started it in circular, inclined orbits. Changing i and μ as described in Section 2, we followed the orbits for 10 6 periods of the primaries and computed stability maps in the μ-i plane by recording the e max and LCI values for each (μ, i) pair. The two kinds of maps are in good agreement; therefore, in Fig. 1 we give only the e max map.
We found stable orbits up to i = 61 • for 0.0005 ≤ μ ≤ 0.0085, where e max < 0.05 (Fig. 1, upper Funk et al. (2012) and is caused by the Kozai resonance. For small values of μ, Fig. 1 shows a branch above the stability limit i = 61
• featuring orbits that are stable up to 10 8 periods of the primaries. However, we find that these orbits are not Trojan-like, but correspond to satellite motion around the less massive primary. The stability map shows a finger-like structure. The right finger on the map indicates that the stable region extends above Gascheau's value μ = 0.0385 (dashed vertical line shown in Fig. 1 ) with the increase of the inclination. For a broader range of mutual inclinations between ∼10
• and ∼50
• there are some stable orbits above μ = 0.0385. This was noted inÉrdi et al. (2007, 2009 ) and studied in detail in Sicardy (2010) . The right finger on the map extends up to μ = 0.048 (with i ∼ 40
• ), indicating the existence of stable orbits until this value of μ for high inclinations. We integrated the orbits at the top of the right finger, marked by a box of dashed lines, for 10 7 periods of the primaries. The results are shown in the lower panel of Fig. 1 . It can be seen that most of the orbits are still stable after this longer time span.
In the upper panel of Fig. 1 there are level curves indicating how e max changes with the variation of μ and i. It can be seen that most of the orbits of the test particle are still almost circular (e max < 0.05) after 10 6 periods, even for highly inclined orbits, up to i = 61
• .
S TA B I L I T Y I N T H E C A S E O F T H E E -S R 3 B P
In the case of the E-SR3BP, we studied the stability of L 4 depending on the orbital inclination i of the test particle, the mass ratio μ and the orbital eccentricity e of the primaries. We changed these parameters as described in Section 2. Again we computed stability maps for both the e max and the LCI values, but since these are in good agreement, we show only the e max maps. Fig. 2 shows the e max stability map in the μ-e plane for the case i = 0
• , that is for the planar, elliptic restricted three-body problem. In the dark region L 4 is stable, while in the light region L 4 is unstable (see alsoÉrdi et al. 2007, 2009 ). This figure also shows a few curves of secondary resonances taken fromÉrdi et al. (2009) . As an application, we also plot (Fig. 2 ) the μ and e values of the 35 exoplanetary systems detailed in Appendix A (Table A1) . It can be seen that in eight cases L 4 is unstable; thus, in these systems Trojan-like objects cannot exist. Two systems are on the border of the stable and unstable regions, and the remaining systems have stable L 4 points. In the latter cases the search for Trojan-like objects is possible. However, some of the systems are on or close to secondary resonances, where the size of the stable region around L 4 is minimal (Érdi et al. 2007, 2009 ). In such cases the existence of Trojan-like objects is less probable. Fig. 3 shows the e max stability maps for six different initial inclinations of the test particle. It can be seen that, as the inclination increases, the stable (dark) region shrinks, and has almost entirely disappeared once i = 60
• . The stable regions at different values of i are divided by unstable stripes; these are connected with secondary resonances (see Section 5). The summary of the stability maps is shown in Fig. 4 , where we give the number of stable orbits (as a percentage of all orbits considered) versus the initial inclination (red curve). For this figure we additionally made computations for initial inclinations i = 55
• , 56
• , 57
• , 58
• , 59
• and 61.
• 5. It can be seen that the number of stable orbits decreases almost linearly with the increase of the initial inclination, but there is an abrupt change in the slope at i = 55
• . We found that there are stable orbits for inclinations up to i = 61.
• 5. Fig. 4 shows also the maximum stable initial eccentricity versus the initial inclination (blue curve). The two curves have similar decreasing tendencies in accordance with the abrupt shrinking of the stable region beginning at i = 55
S E C O N DA RY R E S O NA N C E S I N T H E S R 3 B P
In both the C-SR3BP and E-SR3BP there are unstable stripes in the stable regions of the stability maps resulting in the finger-like or rugged structures of Figs 1 and 3. It is suspected that these stripes are connected with secondary resonances. To check this we computed the librational frequencies as described in Section 2 and determined the locations of the secondary resonances. Fig. 5 shows the locations of a few computed secondary resonances in the C-SR3BP (light dots). It can be seen that some of the resonant curves are close to or at the border of the stable regions (A 2:1, A 1:1, A 6:5). resonances play an important role in the stability of L 4 in the SR3BP. It can also be seen that the locations of the secondary resonances are shifted towards higher mass ratios as the inclination increases.
For inclinations higher than i = 40
• a large part of the parameter space is filled with chaotic orbits, and even the remaining orbits show signs of chaotic behaviour, making it increasingly more difficult to obtain accurate frequencies.
C O N C L U S I O N S
In this paper we studied the stability of the Lagrangian point L 4 in the SR3BP, where the orbits have inclination. It is known that in the planar, circular restricted three-body problem L 4 is linearly stable for mass ratios μ < 0.0385. We computed stability maps in the circular SR3BP by changing the mass ratio of the primaries and the initial orbital inclination of the test particle on a grid, and also in the elliptic SR3BP by changing additionally the orbital eccentricity of the primaries. We have to note that the model we used is a simplification and if more planets are found in the possible candidate systems (Table A1 ) their orbits may change. (Actually, some of the systems in Table A1 are multiple-planet systems; these are marked by *.) However, the results of the stability limits are valid and can be globally used.
In the circular SR3BP, we found stable orbits up to i = 61
• in agreement with Brasser et al. (2004) , Zhou et al. (2009) and Funk et al. (2012) . The stability map shows a finger-like structure with a branch extending above the critical value μ = 0.0385 until μ = 0.048 for increasing inclinations. Starting the test particle in circular orbits, we find that most of the orbits remain almost circular (e max < 0.05) after 10 6 periods of the primaries even for highly inclined orbits.
In the elliptic SR3BP, the stability region of L 4 in the μ-e plane shrinks as the initial orbital inclination increases. The decrease of the number of stable orbits (in per cent of all orbits) and the maximum stable initial eccentricity is almost linear with respect to the increase of the inclination, dropping down abruptly at i = 55
• . The stable region ceases at i = 61.
• 5. The structure of the stable regions is closely connected to secondary resonances between the frequencies of librational motions around L 4 in both the circular and elliptic SR3BP. In the latter case, the secondary resonances are shifted with the increase of the inclination in the direction of increasing mass ratios.
The results can be applied to exoplanetary systems to determine which of them may possess Trojan-like objects. We considered 35 single-and multiple-planet systems with well-known orbital elements and mass ratios μ < 0.05, and the giant planet having mass larger than 10 M J . We have shown that in the case of eight systems, L 4 is unstable even for i = 0
• , and thus Trojan-like objects cannot exist in these systems. For increasing values of i the number of systems with stable Lagrangian point L 4 decreases, but there remain 20 systems which may possess Trojan-like objects with inclination as high as i = 50
• , and even i = 60
• in the case of four systems. However, we have to mention that the list in Table A1 is based on current best-fitting orbits for the planets and may change in future. Nevertheless, these systems would be interesting targets in which to search for potential Trojan-like objects.
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